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Abstract 

We construct with a geometric procedure the supersymmetry transformation 
laws and Lagrangian for all the "variant" D = 11 and L> = 10 Type II A super- 
gravities. We identify into our classification the D = 11 and D = 10 Type II A 
"variant" theories first introduced by Hull performing T-duality transformation on 
both spacelike and timelike circles. We find in addition a set of -D = 10 Type II A 
"variant" supergravities that can not be obtained trivially from eleven dimensions 
compactifying on a circle. 



1 Introduction 



Variant supergravities were first introduced by Hull considering T-duality transfor- 
mations on timelike circles. Type II A and Type IIB string theories are interchanged 
by T-duality on a spacelike circle while if the T-duality is performed on a timelike circle 
they transform respectively into the IIB* and II A* theories, that are "variant" form of 
the conventional Type II A and Type IIB string theories, characterized by the presence 
of ghosts. From a supergravity point of view, this reflects into the fact that while the 
compactification on a spacelike circle of Type II A and Type IIB supergravities leads to 
the same nine dimensional theory, the compactification on a timelike circle of Type 1 1 A* 
and Type IIB* supergravities leads to the same Euclidean nine dimensional theory. 
Further developments [0] considered the possibility of perform more complicated T-duality 
on tori including both spacelike and timelike circles obtaining Type II D = 10 and D = 11 
variant supergravities with non Lorentzian space-time signature and often with ghost-like 
fields. 

In this paper we consider the problem of constructing such variant supergravities, par- 
ticularly the variant D = 11 and D = 10 Type IIA theories, from an algebraic point of 
view. In the present case, this can be done only for those signatures admitting reducible 
spinors, since we need no more than 32 supersymmetries in order to avoid fields with spin 
higher than two. In D = 11 only the Majorana condition can be imposed and this is 
possible only for signatures p = s — t=l, 7 (mod 8); for the non-chiral Type IIA, we can 
use only Majorana or Majorana-Weyl spinors, that in D = 10 occur when the number of 
timelike dimensions is t=0, 2, 6 (mod 8) 0, 0, 

We know that conventional D = 11 §, [g, g and D = 10 Type /M 0, ^ 



supergravities are local theories of the 05'p(l|32) supergroup, thus their fields form a real 
irreducible representation of OS'j9(l|32), respectively on an eleven and ten dimensional 
Minkowski space-time. This implies, in the geometric (group-manifold or rheonomic) ap- 
proach, that we are able to construct with such fields a Free Differential Algebra (FDA) 
|T2| (that is a set of generalized Maurer-Cartan equations closed under ^-differentiation 
describing the supersymmetric vacuum configuration; this will be the starting point for 
the construction of the theory. From this point of view, if in D = 11 or D = 10 and in a 
given space-time signature we are able to write down one or more FDA involving a real 
representation of OS'p(l|32), in principle we can construct the corresponding supergrav- 
ity. On the other hand, we know that 05*^(1132) has only one real form. In reference 
it is shown that in D = 11 there is only one vector in the 05'p(l|32) algebra that can be 
identified with a real translational operator, then for each allowed signature there is only 
one real representation of 05'p(l|32); so we expect we are able to construct just one FDA 
for each signature and consequently only one supergravity. On the contrary in D = 10 
there are two possible identifications for the vector acting as a translational operator, 
then there are two real representation of 0Sp{l\'i2) for each signature, and consequently 
we could in principle construct two distinct FDA and two supergravities. 
In the present paper we will take as a starting point the construction of all possible FDA 
for each allowed signature. We will see how it is possible to identify the ghost content of 
each variant theory just from the FDA whit no need to construct the the theory. Then 
we outline a quite general procedure to construct a variant supergravity once the conven- 
tional one is known and apply it to the present case. 
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The paper is organized as follows: 

In Section 2 we construct all the possible FDA in eleven dimensions and derive the 
procedure which we will use to identify the structure of the D = 11 variant supergravities. 

In Section 3 we repeat the same steps for the D = 10 Type HA variant supergravities. 

In section 4 we perform explicitly the construction of the variant D = 11 and D = 10 
Type II A supergravities from the conventional ones and give all the supersymmetry 
transformation laws and Lagrangians. 

In Section 5 we give our conclusions and in Appendix we discuss the consistence of 
the Majorana condition for different signatures and the definition of the Dirac conjugate 
spinors. 



2 Construction of D = 11 Free Differential Algebras 

In this section consider the problem of constructing a D = 11 supergravity with a non 
Lorentzian signature (t,s), with 

(2.1) 




that we will indicate with M(i,s). First we observe that we can construct a D = 11 
supergravity only for those signatures allowing Majorana spinors, since the number of 
real supercharges can not be higher than 32, in order to avoid the presence of fields whit 
spin higher than two. It is well known ||^ that this is possible only for the following 
signatures: 

M(l,10) M(2,9) M(5,6) M(6, 5) M(9,2) M(10,l) 

The field content of the D = 11 supermultiplet is given by the spin 2 vielbein field V^, the 
spin I gravitino field i/jf^ and by the spin 1 antisymmetric tensor field Cf^pp; a,b = 1, 2 ... 11 
are flat indexes, fi,i> = 1, 2 ... 11 are curved indexes. 

The M(t, s) supergravities are based on the following Free Differential Algebra (FDA)]^ 
describing the supersymmetric vacuum configuration. 

VV^ + aV-r^ = (2.2) 

7^"^ = (2.3) 

Vi) = (2.4) 

F = dC + (3%l)V ^yi)V^V^ = (2.5) 

where 71°''' = duj"-^ — uj\u>^^ is the Lorentzian curvature and uj"-^ the spin connection, while 
T> is the Lorentz derivative. are the eleven dimensional Gamma-matrices, satisfying 
the Clifford algebra 

{F^F^} = 2r7,g (2.6) 

with ?7^g defined in equation (|2.1|). 

The closure under ^-differentiation does not depend on a and (3 and relies on the following 
Fierz identity: 

^F>^F,g^ = (2.7) 
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On the other hand, since the fields appearing in the D = 11 muhiplet are a real represen- 
tation of OSp{l\32) 0, a and (3 must be chosen appropriately; in order to do that, we 
must analyze the reality of the currents appearing in the FDA, since it depends on the 
signature {t, s) and on the way we define the Dirac conjugate spinor 

iP = ij^G-^ (2.8) 

We have two possible choices for the matrix G in D = t + s dimensions [|13| in order to 
have ipilj transforming as a Lorentz scalar: the first choice corresponds to the product of 
all the timelike Gamma-matrices, that is: 

Gi = TK..T* (2.9) 

while the second choice corresponds to take the product of all the spacelike Gamma- 
matrices: 

Gjj = T^'' ...T^ (2.10) 
Correspondingly the hermitian conjugate of the Gamma-matrices is given by: 

r'^t = ^G'-ir^G' (2.11) 

where the phase rj takes two different values according to the two choices of G, namely 

rjj = {-iy-'- vii = {-ir (2.12) 

If we consider a current j"-^--"-" = A7'^^"'^"A, where ^y'^i --'^" is a totally antisymmetric 
product of Gamma-matrices, we have [jl3| 



= (-l)5("-^-l){"-^) (2.13) 

where the subscripts / and // refer to the two possible choices for the matrix G = 
{Gj, Gii} and 6 = ±1 is the arbitrary phase appearing in the convention one uses for 
the definition of the complex conjugate of the product of two spinors, namely |13[, [0 

(A/i)* = (5A>* = -6fi*X* (2.14) 

Let us apply those considerations to the D = 11 case, for the signatures we are interested 
in; we resume the result in Table |l|. 





M(l,10) 


M(2,9) 


M(5,6) 


M(6,5) 


M(9,2) 


M(10, 1) 




Xi 


Xii 


Xi 


Xii 


Xi 


Xii 


Xi 


Xii 


Xi 


Xii 


Xi 


Xii 




-1 


+1 


-1 


-1 


-1 


+1 


-1 


-1 


-1 


+ 1 


-1 


-1 




+1 


-1 


-1 


-1 


+1 


-1 


-1 


-1 


+ 1 


-1 


-1 


-1 



Table 1: Values of the phase x for -0 = 11 currents 
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We can see that for each signature the choice I or II is equivalent, because of the 
arbitrary phase 6 (see Appendix). For the M(l,10) theory we choose a = — | and we 
see that this leads to a real vielbein in equation { \i.2\) if we set, for instance, 6 = —1 and 
G = Gj] consequently (3 should be a real number and we choose /3 = — |, obtaining this 
way the following M(l, 10) FDA [|: 

VV^ - ^^r> = (2.15) 

7^^^ = (2.16) 
Vip = (2.17) 
1 

— f 



F = dC- -ipr^^^ipV^V'' = (2.18) 



Looking at Table |I| we see that, keeping 6 = —1 and G = Gj, we can set a = — | for all 
signatures; on the other hand /? must be real for signatures M(l,10), M(5,6), M(9,2) 
an we set (3 = — |, while it should be pure imaginary for signatures M(10,l), M(6,5), 
M(2, 9), in these cases we can choose (3 = — |, obtaining this way a different FDA. 

VV^ - ^tpT^i/j = (2.19) 

7^"^ = (2.20) 
Vij = (2.21) 

F = dC - ^i^T^i^'^V^V'' = (2.22) 

Obviously if we start from the FDA ( p.l9| )- (|2.22| ) and implement the rheonomic construc- 
tion procedure we will obtain a theory which differs from the conventional one obtained 
from the FDA ( p.l5| )-( ^.18| ). By the way there is no need to construct from the very 
beginning the supersymmetry transformation laws and the Lagrangian for all the variant 
forms of D = 11 supergravity; it is more useful to find some suitable redefinitions that 
transform the conventional D = 11 supergravity into its variant forms. 
For signatures M(10,l), M(6,5), M(2,9) if we keep (3 = — |, that is we start from the 
same FDA (|2.15|) - (|2.18|) of the conventional theory, we would work with a pure imagi- 



nary super covariant field strength F. We know that this do not correspond to a real 
representation but the closure of the FDA depends neither on the space-time signature, 
nor on the reality of the fields; the Fierz identity ( p.7| ) follows from the absence of some 
threelinear fermionic representations of S'O(ll), and of all its non compact forms SO{t, s). 
The whole rheonomic procedure of constructing the supersymmetry transformation laws 



from the FDA (see for instance |T2|) does not depend on the space-time signature and the 
reality of the fields; once the supersymmetry transformation laws are given, is easy to see 
that also the Einstein term and the bosonic kinetic terms of a supersymmetric Lagrangian 
are certainly not depending on these latter. This means that if we keep (3 = for all 
M{i, s) theories, we have formally the same FDA for them all, consequently we will get 
formally the same supersymmetric transformation laws and the same kinetic Lagrangian. 
At this point one has just to recall that for M(10, 1), M(6,5), M(2,9) theories the field 
F is pure imaginary and it must be expressed in terms of a real field F, that is F = —iF. 
Consequently, since the M(l, 10) theory is ghost free, the kinetic term of the field F un- 
dergoes a change of sign; hence for M(10, 1), M(6, 5), M(2, 9) theories the real field F is 
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1^ . Since we considered the problem 



a ghost. 

This is the same result conjectured by Hull 
with a constructive geometric approach, we can conclude that these are the only M{i, s) 
theories one can construct and therefore we are able to give a simple recipe to determine 
their supersymmetry transformation laws and Lagrangian as will be discussed in Section 



4. This algebraic argument is related to the one used in reference |jTj]: there exists only 
one real section of the complex OSp{l\32) superalgebra and in D = 11 there is only one 
way to identify the generators acting as space-time translations, so the D = 11 realiza- 
tion of the real section of the algebra is unique for each signature. On the other hand, in 
D = 10 there are two possibilities of identifying the generators of space-time translations, 
and this doubles the theories for each signature. This will be discussed in the next section. 



3 Construction of D = 10 Type II A Free Differential 
Algebras 

We want now to make the same analysis for D = 10 Type HA supergravity for various 
signatures, that we will indicate as IIA{t, s) theories. As in the previous D = 11 case, 
we can consider just the signatures admitting Majorana spinors, that is: 

JM(0,10) IIA{1,9) IIA{2,8) IIA{A,Q) IIA{5,5) 

and their mirrors t ^ s (for signatures IIA{1,9), IIA{9,1) and 1/74(5,5) we have 
Majorana- Weyl spinors, but now we prefer to use Majorana spinors ip = ipL + ipR for 
homogeneity of notation). 

It is well known that Type — IIA{1, 9) supergravity can be obtained from M(l, 10) super- 
gravity compactifying on a space-like circle, and recently was found that the M{t, s) 
and the IIA{t, s) supergravities are linked each other via T — duality on tori including 
timelike circles. In particular it was found that reducing M{t, s) theories on spacelike 
or timelike circles gives rise to IIA{t, s) theories according to the following scheme: 



M(l,10) 



M(2,9) 



M(5,6) 



time 



space 



time 



space 



time 



space 



/M(0, 10) JM(1, 9) nA*{l, 9) /M(2, 8) IIA{A, 6) JM(5, 5) 



M(10,l) 



M(9,2) 



M(6,5) 



time space 



time space 



time space 



IIA{9, 1) /M(10, 0) 2) IIA*{9, 1) IIA*{5, 5) /m(6, 4) 



(3.23) 
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The II A* theories are distinct from the ones with the same space-time signature 



Tj]. When the reduction is performed on the D = 11 FDA, the gamma-matrices reduce 



according to the following rules: 

— a,a = 1... 10 
rii^7" = 0y72...7io (3.24) 

The phase (p must be fixed according to the square in eleven dimensions: (F^^)^ = 1 if 
we compactify on a timelike circle, (F^^)^ = —1 on a spacelike circle. According to our 
choice for the signature we have: 

(7^1)^ = cP'i-iy^' (3.25) 

The relevant thing is how the definition of the Dirac conjugate spinor i/j = i/j'^G'^ changes 
reducing from D = 11 to D = 10; let us consider the various cases. 

If the Dirac conjugate spinor in D = 11 is defined using G = G/ = F^ . . . F* there are two 
possible cases: if we reduce on a spacelike circle F^^ does not appear in the definition of 
i/j and hence the Dirac conjugate spinor reduces to D = 10 as 

^ = V^t(G'f ))-!; ) = F^ . . F* ^p = ij^Gf'Y': G^'^ = V ■ ■ ■ 7* (3.26) 

On the other hand, if we reduce on a timelike circle F^^ appears in the definition of i/j, 
since G = G/ = F^ . . . F* = F^ . . . F*~^F^^; recalling definition ( p.24|) for the eleventh 
Gamma-matrix, we have that 

^ = ^t(Gf ))-!; Gf ) = F^ . ..T'-'T'' ^ = e^1-(G;f )-^ Gif = 7^°-^ . . .7^° 

(3.27) 

where ^ is a phase depending on and on the number of spacelike dimensions that has 
to be determined for each case. 

On the other hand, if in D = 11 the Dirac conjugate spinor is defined using G — G//, 
the reduction on a timelike circle leaves the definition unchanged, while a reduction on a 
spacelike circle leads to a definition in D = 10 with G = G/, up to a phase. 
This is a general feature of reduction from D = 2n + 1 — > D — 1 = 2n: if we reduce on 
a spacelike circle we obtain a theory in D — 1 dimensions formulated with ^jJ = ifj^^Gj^^ if 
we reduce on a timelike circle we obtain a theory formulated with %[) = ijj'^Gjj, and this 
does not depend on the definition of i/^ in D dimensions^. 

We will not perform here the explicit reduction to ten dimensions for the various signa- 
tures; it is more useful to start from the very beginning and construct all the possible 
IIA{t, s) with the geometric approach considering the appropriate D = 10 FDA. 
However the previous discussion was important to realize that we must take into account 
both type of theories, with Dirac conjugate spinors defined with G = G/ and G = G// 
and will help us to identify the theories we are going to construct with the ones classified 
by Hull in reference pf, summarized in the diagram (|3.23|) . 



^This also happens while constructing (if possible) Anti de Sitter and de Sitter supergravities in even 
dimensions [0 
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We take as starting point the FDA of the aheady known IIA{1,9) theory, obtained 
compactifying the FDA of M(l, 10) supergravity on a spacehke circle: 



- ^^7> = (3.28) 

= (3.29) 
Vip = (3.30) 

G = dA- ^^j^^ij = (3.31) 
H = dB- iv^7'^y = (3.32) 
F = dC- ^V't'^VKH + iBi/jj^^^ = (3.33) 

Besides the graviton, described by the vielbein V^, the spin | gravitino ipf^, the one- form 
field A^, the two-form field B^^i, and the three-form C^j^p, the D = 10, OS'p(l|32) multiplet 
contains the spin | dilatino x and the scalar dilaton cr, that are zero in the vacuum. 
In order to determine the structure of all the IIA{t, s) theories, we must analyze the 
reality properties of the currents involved in the FDA; it is useful to define 

7 = 7^72 ..710 (3.34) 

so that the matrix 7^^ appearing in the 1/^4(1,9) FDA ( |3.28| )-( p.33| ) is defined as 

7I1 = Z7 (711)2 ^ _^ (3 35^ 

The reality properties of the = 10 currents for the various signatures {t, s), are resumed 
in Table ^ 



{t,s) 


(0,10) 


(1,9) 


(2,8) 


(4,6) 


(5,5) 




Xi 


Xii 


Xi 


Xii 


Xi 


Xii 


Xi 


Xii 


Xi 


Xii 




+1 


+1 


-1 


-1 


-1 


-1 


+1 


+1 


-1 


-1 


-07"* ■0 


+1 


-1 


+ 1 


-1 


-1 


+1 


+1 


-1 


+1 


-1 




+1 


+1 


-1 


-1 


-1 


-1 


+1 


+1 


-1 


-1 




+1 


-1 


+ 1 


-1 


-1 


+1 


+1 


-1 


+1 


-1 


{t,s) 


(10,0) 


(9,1) 


(8,2) 


(6,4) 






Xi 


Xii 


Xi 


Xii 


Xi 


Xii 


Xi 


Xii 






-1 


-1 


-1 


-1 


+1 


+1 


-1 


-1 






-1 


+1 


+1 


-1 


+1 


-1 


-1 


+ 1 






-1 


-1 


-1 


-1 


+1 


+1 


-1 


-1 






-1 


+1 


+1 


-1 


+1 


-1 


-1 


+ 1 





Table 2: Values of the phase x for -D = 10 currents 



We can easily see, recalling definition ( p.35| ), that the FDA ( |3.28| )-( |3.33| ) is then de- 
fined with real fields if we choose 5 = —1 and G = Gj. As we did in D = 11, we want 
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now to find a relation between the already known supersymmetry transformation laws 
and Lagrangian of J/y4(l,9) supergravity and the other we are going to construct. The 
reasoning is the same: since the procedure of constructing the theory is dependent neither 
on the signature, nor on the definition of the Dirac conjugate, nor on the reality of the 
fields, we will keep the FDA (|3.28|) - (|3.33|) for all the theories and consequently we will 
get formally the same solution. Next, we will redefine the fields that are pure imaginary 
in terms of real ones: this way, since the IIA{1,9) theory is ghost free, whenever an 
imaginary field occurs, it will be associated to a real ghost-like field. With this analysis 
we are able to determine which fields are ghost in each theory just from an algebraic con- 
structive approach. When scalar fields are involved, some more considerations are needed 
to understand if the scalar will be a ghost or if the redefinition % — > on the spin | field 
is needed; it is easy to see that the dilaton can never become a ghost, as explained in the 
Appendix. We must also recall that, when doing explicit calculation starting from the 



/M(l,9) FDA (p:28D-(p33D, we make use of the fact that (7 



n\2 



-1, where 7 
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hence, if we want to use the same FDA for all the theories, we must define case by case 
a matrix 7^^ which squares to -1. Recalling equation ( p.25|) , we see that (7)^ = —1 if 
s is even, hence, in this case, we should define 7^^ = 7. Consequently one has to take 
into account the difference of a factor "— z" while evaluating the reality of the currents for 
theories with an even number of spacelike dimensions. Last, since it is convenient to leave 
unchanged the torsion equation (|3.28| ), it is useful to set 5 = 1 for signatures (0, 10), (4, 6), 
(8, 2) and 6 = —1 for the others as we can see from Table ^ For sake of clearness, let us 
first identify the theories occurring in reference with the ones appearing in Table |^. 
Remembering that for a theory obtained compactifying on a spacelike circle G = Gj while 
for a theory obtained compactifying on a timelike circle G = Gn we have the following 
set of identifications: 



t,s) = (l,9): G = Gj — ^J/A(l,9); G = Gji — > II A* (1,9) 



t,s) = (9,l): G = Gi — >IIA*{9,1); G = Gii — ^ /M(9, 1) 



t,s) = (5,5): G = Gi — ^/M(5,5); G = Gn — ^/M*(5,5) (3.36) 



t,s) = (0,10): G = Gn — ^//A(0,10) 



t,s) = (10,0): G = Gi — ^/M(10,0) 



t,s) = (2,8): G = Gi — >IIA{2,%) 



t,s) = (8,2): G = Gn — >JM(8,2) 



t,s) = (4,6): G = Gh — ^JM(4,6) 



t,s) = (6,4): G = Gi — >J/v4(6,4) 



(3.37) 
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We can observe that for the first group of signatures ( |3.36| ) we have both the HA and 
the HA* theories, while for the second group (|3.37|) we have just one theory for each 
signature; all together, these are the only theories that can be obtained from D = 11 
compactifying on a spacelike or on a timelike circle, according to reference . 
On the other hand, as we can see from Table ^ these are not the only HA theories one can 
construct; for each signature {t, s) we have always two distinct FDA formulated respec- 
tively with G = Gi and G = Gn corresponding to two different choices of the generators 
of the translations as explained in reference |T^; it is clear from Table ^ that they are 



distinct theories with a different content of ghost. It is also evident that they can not be 
obtained from D = 11 supergravity compactifying on just one circle. 
We will indicate the theories missing from Hull's classification as HA' according to Van 
Proeyen's and Bergshoeff's notation \Ti and they can be identified as foUowsFl: 





= (0, 10) : 


G-- 


= Gj- 


HA'{0, 10) 


{t,s) 


= (10,0): 


G-- 


= Gn- 


JM'(10,0) 


{t,s) 


= (2,8): 


G = 


Gn — 


/M'(2,8) 


{t,s) 


= (8,2): 


G = 


Gi — 


HA'{8,2) 


{t,s) 


= (4,6): 


G = 


Gi — 


^ HA'{A,Q) 


{t,s) 


= (6,4): 


G = 


Gn — 


JM'(6,4) 



This scenario is similar to what happens in D 



for t 



(3.38) 

6 for the complex F(4)* superalgebra 
1, 2 [|I5|, [0 we have two different real sections, that correspond to a de Sitter 
and an Anti de Sitter vacuum respectively. If we consider their contraction m = to a 
Poincare vacuum, they are still two different theories; the contraction coming from AdS 
is ghost free, while in the contraction from dS the spin 1 fields are ghosts, as in the 
uncontracted theory. In any case, the two FDA are characterized by a different definition 
of the Dirac conjugate spinor, with G = Gi and G = Gjj respectively. 
At this point we can simplify the content of Table |^ taking into account all the previous 
considerations. In Table ^ we have grouped the theories with the same characteristics and 
we indicate the reality of each current. For each group of theories the ghost-like fields are 
the ones defined with currents whose reality differs from the one of the HA{1, 9) theory, 
that is known to be ghost free. In Table |^ we explicitly write the sign of the kinetic terms 
for each group of theories; we write a "+" when the sign is the same as the HA{1,9) 
theory and a "-" if it differs. 

Note that, due to the structure of the supercovariant field strength ( ^.33| ) the only possible 
combination of ghost and no-ghost fields are those of Table H. 



^The authors of [ 14 propose a redefinition that identifies the algebra underlyi ng th e theories ( 3.38 ) 
with the one of ( 3.37 ); with this formulation it is not evident how to identify the ( 3.38 ) with the ( 3.37 ) 
supergravities. 
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/M(l,9) 
/M(5,5) 
/M*(9,l) 


J/A*(l,9) 
//v4*(5,5) 
//v4(9, 1) 


/M(0,10) /M'(10,0) 
/M(4,6)/M'(6,4) 
/M(8,2)/M'(2,8) 


J/A(10,0)/M'(0,10) 
/M(6,4) //A'(4,6) 
/M(2,8) J/A'(8,2) 




imaginary 


imaginary 


imaginary 


imaginary 




real 


imaginary 


real 


imaginary 




real 


real 


imaginary 


imaginary 




imaginary 


real 


real 


imaginary 



Table 3: Reality of the currents for D = 10 Type II A supergravities 





/M(l,9) 
/M(5,5) 
/M*(9,l) 


/M*(l,9) 
/M*(5,5) 
/M(9, 1) 


/M(0, 10)/M'(10,0) 
/M(4,6)//A'(6,4) 
//A(8,2)//A'(2,8) 


/M(10,0) JM'(0,10) 
/M(6,4) /M'(4,6) 
/M(2,8) JM'(8,2) 


F 


+ 




+ 




H 


+ 


+ 






G 


+ 






+ 



Table 4: Presence of ghosts in D = 10 Type II A supergravities 



4 The super symmetric transformation laws 
and Lagrangians 

4.1 The D = 11 supergravities 

In this section we will write explicitly the supersymmetry transformation rules and the 
relevant terms of the D = 11 and D = IQ Type II A variant supergravities Lagrangian, 
applying the redefinitions discussed in the previous sections. 

As explained in Section 2, the M(l, 10), M(5, 6), M(9, 2) theories have the same structure, 
that is the well known conventional D = 11 supergravity |]^ to which we refer from now 
on0. The supersymmetry transformation laws are: 

5V^ = -teV^t^^ (4.39) 



#A = T^^^ + ^^{^r' - ^^l^''")Fof,axe (4.40) 
5Ci,,p = ^-eT^,^-p (4.41) 
Furthermore the Lagrangian is given by: 

{det V)-^C = -]n - '-ijf^T^'/^Voi;^ - 1 J-^,^^^A^^^ + ^ (v^^F'^'^^^^V, + 12^'^r^V^) 

+ ^A^P^ + J^Met yr'^^'^'^^'''''T^^^^^^fi,,, (4.42) 



There are some small differences in the conventions and normalization with respect to reference 
to which we referred in Section 2, but this is irrelevant for our purposes 
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where we have defined according to reference the field strength TfiOpa = 4:d[fiCopa] and 
the super covariant field strength Ffiopa = ^/lupa — '^i^p.^up'^a- 

For the M(10,l), M(6,5), M(2,9) theories, the supersymmetry transformation rules 
and the Lagrangian are formally the same as ( |4.39|) -( l4.42|) but the super covariant field 



strength F and the field strength JF are pure imaginary. Expressing them in terms of real 
objects 

F = -iF- T = C = -iC (4.43) 

we thus obtain the supersymmetry transformation laws and the Lagrangian for the M(10, 1), 

M(6,5), M(2,9) theories. 

The supersymmetry transformation laws are: 

5V'^ = -zer^A (4-44) 

^^A = -^i^e + ^^{Vr" - ^^''^')hpaxe (4.45) 
~ 3 

5Cf,op = i--eTf,^ip^ (4.46) 

where the super covariant field strength is F/i;>p5- = ^pupa — '^'^i'p^upi'a- 
As explained before, this method works as long as the signature of the space-time does not 
enter the computation; otherwise some more considerations are needed. Hence, perform- 
ing a supersymmetry transformation on the Lagrangian, the Chern-Simons term must 
cancel with the Pauli term, but this involves the dualization of Lorentz indices on the 
Gamma-matrices, which depends on the number of spacelike dimensions. 
When the number s of spacelike dimensions is even, as in the standard D = 11 super- 
gravity, we have the usual definition: 

ea,...a^p,...f^^T^'-^- = (-l)^(-z)m! r,,.„„„ (4.47) 

When s is odd, as in the present case, equation ( [4.47| ) must be modified with an extra 
"■i" factor, that is: 

/J o m(m — 1) 

ea,...a„/3,.../3„r'5^-^'" = (-l)^(-l)m! r„,..„„ (4.48) 

This implies that we need an extra "-i" also in the Chern-Simons term, in order to have 
cancellation. 

{detVy^L = -^n-'-ij/.Tf^'^Vp^p + ^^/^^opa^^'^^ 

{^pax, + Fpax,) ' J^.^det Vy'^'^f^''''' T ^,^^,,^a,c. (4.49) 

As we stressed before, we can see that the field ^Xpu-k ^ ghost. 

4.2 The D = 10 Type II A supergravities 

We will now consider the Type II A theories, starting from the already known IIA{1,9) 



T0| , to which we refer for notations and conventions; from the previous analysis we know 
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that the 1/^4(1,9), IIA{5,5) and IIA*{9,1) have the same structure, that we can take 
from reference [|10| . 

The supersymmetry transformation laws are (up to three fermion terms): 

5V^ = -ie^'^ij, (4.50) 
5 A, = '-e-H,i''e - t^e~'i'^xi,e (4.51) 
SB^, = ei>[^7,]7^^e - ^et^^xT/..^ (4-52) 

3 3 - Is 

5a = i^xi'^e (4.54) 

5ij, = V,e - ^ei-(7^ - IW^^H^G^.e + ^e-^(7^ ^"'^ - W^^ni^^E,,,e + 
?■ -5 20 

+ Ti5^ei'^(7, ^^'^^ - ^5;7'''^^)i^.p..^ (4.55) 
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-^ei-7'^^^'^7''i^M.p.^ (4.56) 
The Lagrangian is given by (up to four fermions terms): 

+ ^^(tiet V)-^e"''^''"^^'"^^^„/375^Ap.pS,r + 

+ ^et'^(^^7^'^^^'^^^, + 12^^7""^" + ^X7"7''7'"">M + ^X7'"""x)-^Ap.r + 
-^e-t'^(^^7iS^^"''>, - Gij^Yr - v^X7'^7'''"^p)^Apa + 
-^ei'^(^^7"7^^'''V^. + 2i;y'r + ^X^j'y, + lxi'Vx)Gxp (4.57) 



where we have defined, according to reference [|IU|, the super covariant field strength as 

„3 - la 

F^upa = ^f,upa - 3e~B'^7/)[^7^^^^] + —e-s^xj^^-fi^^pi)^] (4.58) 

3 3 3 3 

H^^up = 'Hf.yp - ^e-i''iJif,-f^j^'^iljp] + ■^-^e^'^xiif.u^p] (4.59) 

G,. = g,. + ^e-i'^^^7iV. - i^e-l'^xii.i^u] (4.60) 
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V^,a = d^(y^%^-^^^^^\ (4.61) 

and the field strength as 

^iiupa = ^d\^^J3^,jp^%A^^Jiupa\\ Ti^i/p = 3(9[^5^p]; Q = 2d\y,Ay\ (4.62) 

As discussed in the previous section, all the other theories have formally the same struc- 
ture, but they contain some pure imaginary fields and we need to redefine them in terms 
of real ones case by case, according to the analysis of Table (^) and Table (|^) and the 
Appendix. 

For the theories //A*(l, 9), //A*(5, 5) and //A(9, 1) we need to redefine 

F = -iF; = -i^- C = -iC (4.63) 
G = -iG; g = -iG; A = -iA (4.64) 
X = ^X; X = -iX (4.65) 



where we have maintained the definition (|4.62|) for the field strength. Thus, the super- 



symmetry transformation laws and the Lagrangian of theories IIA*{1, 9), IIA*{5, 5) and 
IIA{9, 1) are given by: 

6V^ = -2£7>/. (4.66) 

SA, = -ie-i>^7i^£ - i^e-Hj,e (4.67) 

SB,,, = e3>[^7,]7ii£ + -i^et-x7A..£ (4.68) 

+6et'^I[^^,7p]7"£ + z-^etM[pX7.p]£ (4.69) 

Sa = '^-^Xl^'e (4.70) 
6i;p = V,e + ^e^(7, - lAd^YW'G^pE + ^e-'^^il, ^"'^ - '^d^Yni'^H^p.e + 
+Y^ei'^(7, ^^'^^ - '^^5;YnF.,.re (4.71) 

+^ei-7'^^^'^7"i^..p.^ (4.72) 

{detVy^C = --n - '-i,^^^^-PV,i,^ + Le\-^^^^^^^^-P<^ + Le~¥np.^W""' + 
4 Z 4o lZ 

1 q ~ ~ i 3\/2 9 



2(12) 
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— -es-^ 



-^ei'^(^^7"7'^'^'"^. + I^W^r - ^^^7V>p + ^^7"7'''x)^Ap (4.73) 

Comparing the Lagrangian ( [4.73|) with the Lagrangian ( |4.57| ) we see that T^l,vpa and Qy,y 
are ghost, as previously discussed. 

Furthermore the super covariant field strength are now defined as 

F^,upa = Tf,upa - ^ie'^'^i'i^.-fupi^a] + -^e.'^'^Xl^^llpypi'a] (4.74) 

H^,up = Upyp - 2e^''^[/^7i'7^Vp] + -;^ei''xi[pyi^p\ (4.75) 

G,. = - ^e-i>^7'V. - t^e-'i'^xiipA] (4.76) 

V,a = d,a-'^^Ppj''x (4.77) 

For the IIA{0, 10) and IIA'{0, 10) series, since we have an even number of spacelike 
dimensions, we must recall that the dualization rules are different, in order to write the 
correct Chern-simons term. 

If the number s of spacelike dimensions is odd, as in the the previous cases we have 

ea....c..p,...p^7^'-^- = (-l)"^(-z)m! y'7«....a„ (4.78) 



When s is even, as in the present case, equation (|4.78|) must be modified with an extra 
"i" factor, that is: 

ea^.^aM^l^'-^"- = (-l)"^(-l)m! y'7ai...«„ (4.79) 

thus we need an extra " i" also the Chern-Simons term, in order to have cancellation when 
performing a supersymmetry transformation on the Lagrangian. 

For the theories IIA{0, 10), /M(4, 6), IIA{8, 2), /M'(10, 0), IIA'{6, 4) and IIA'{2, 8), 
according to the discussion in the previous section we redefine 

H = iH; n = in; B = iB (4.80) 
G = -iG; g = -iG; A = -lA (4.81) 
X = ^X; X = (4.82) 



where we have maintained the definition ( |4.62| ) also for the "tilded" field strength. 



The supersymmetry transformation laws and the Lagrangian are given by: 



= -^e7>p (4.83) 
1 
2 



5Ap = -]-e-hi,^^^h - i^e-l'^xips (4.84) 
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5B^^ = -iei''ilj[^j^]-f^^e + ^^^"^7^^^ (4-85) 

3 3 - 1 3 ~ 

-6zet-I[^^/;,7^]7ii£ + Ae3M[^^7^^]£ (4.86) 

= ^h'h (4.87) 
^e^(7/^-145;:7'')y^ape-^- 

^etn7 ^^^^ - - 
128 ^ 3 

g|<x^/..pa^ii^^^^^^ (4.89) 



= VpS + ^ei'^(7, - 145;:7'')7iiape - ^^'^'^(7, ''''' - %;ini''H,,.e + 

?■ 3 2(1 

+ TT^e^'^(7p ^^^^ - ^^''.YnFup.rS (4.8^ 



96^2 

1 Q ~ ~ 7 3\/2 9 

+^ei'^e;^,e;'^'' + -h'-D.x - ^li^'rYi'pd^cr + ^^^^^^^ + 

- 1 af^-ySXpupar 



2(12) 



-^e-t'^(^^7"7^'^''"'V^ - 6^^7"7'^" + ^v^f 7'^7'"'^^M)^Apa + 



Comparing the Lagrangian ( |4.90|) with the Lagrangian (|4.57| ) we see that H^up and 



T PV 



are ghost, as previously discussed. 

Here we have defined the super covariant field strength as 

F^,ypa = ^i^upa - ^e'^^lplpluplpa] - i-J^^' ^''^il^'^ Hpupi^a] (4.91) 



.3 3, 



'V2 

3 3 

H^,yp = Hpyp + «^e3'"?/^[^7^7^Vp] - -^^e'^^Xllpyi^p] (4-92) 
— — I9— 11 3 \/ 2 9 

G^, = Gp, - -6-8-^^7!^. - ^^e-8-x7[p^H (4.93) 

Vpa = dpa - -^i^pi^'x (4.94) 

Finally, we derive the structure of /M(10, 0), JM(6, 4), JM(2, 8), JM'(0, 10), /M'(4, 6) 
and 1 1 A' [8, 2), for which we define 

F = -iP; T = -iT; C = -iC (4.95) 

H = -iH; H = -iH; B = -iB (4.96) 
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maintaining the definition (|4.62| ) for tlie "tilded" field strengtli. 



Tlie supersymmetry transformation laws and the Lagrangian are given by: 

= -z£7>^ (4.97) 

5 A, = le-H,^''e - t^e-^'^xi.e (4.98) 

Z o 

6B^, = zet-V^[^7,]7"£ - -i^e3<^x7M-e (4.99) 

~ 3 3 - 1 3 

+6zet'^A[^^/;,7^]7"£ - i^ei"" A^^xiup]e (4.100) 

^(y = i^Xl'^e (4.101) 

^V^M = -^.e - ^ei'^(7, - 145;:707''G.,e + ^^e'l'^il, ^"'^ - 95;:7^'^)7"^.p.^ + 

+ ^^61^^(7, ^^^^ - y 5;:7'''^^)F.p..e (4.102) 

^ ei'^7'^'^^'^7iiF^,,,e (4.103) 



96^2 



4 z 4o iZ 
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:{det V)-h''l'^'^^''P''^J'^p^sJ'xpupB.r + 



2(12)^ 

-^ei'^(7A^7'^^'^'^>. + 12^^^^^^^- + ^X7"7^7''"^>M + \xi^'"'^ x):Fxp<rr + 
+ ^e-t'^(^^7"7'^"''"V^. - 6^^!^''^/;'^ - V2xi^-f^'"^p)'Hxpa + 
-^ei-(^^7"7^^'''^. + 2^^^^" + — x7V^p + -^Xl''l^'x)Qxp (4.104) 



Comparing the Lagrangian ( [4.104| ) with the Lagrangian ( ^.57| ) we see that T^^pa and Ti 



pup 



are ghost, as previously discussed. 

Here we have defined the super covariant field strength as 

Fpypa = J^pvpa - ^ie'^^ipipjupipa] + -^e'^^xi^^lipup^Ja] (4.105) 

~ ~ 3 3 - 3 3 

Hpup = ^pvp - i^e^'^ipipj^-f^'^ipp] + i^^e^^xiipuipp] (4.106) 

Gp. = Qp, + ^e-i'^V^^7iV. - ^^-^e-'^^XlXp^.] (4-107) 
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V^a = d^a + (4.108) 

5 Conclusions 

In this paper we have constructed with the geometric approach the supersymmetry trans- 
formation laws and Lagrangian for all the variant D = 11 and D = 10 Type HA su- 
pergravities and shown that they admit a supersymmetric Poincare vacuum. With our 
constructive approach we realized that for each allowed signature there exists two dis- 
tinct D = 10 Type II A supergravities. When variant supergravities were first introduced 
by Hull [0], two versions of D = 10 Type II A theories occurred only for signatures 
{t,s) = (1,9), (t,s) = (9,1), (if:, s) = (5,5). The theories classified by Hull are in fact 
the only D = 10 Type IIA theories that can be obtained from D = 11 supergravity 
compactifying on a spacelike or on a timelike circle. The set of new theories constructed 
in this paper can certainly not be obtained trivially compactifying from eleven dimensions 
on just one circle, and seem to be distinct from the other ones. It would be interesting to 
understand how they arise in the context of T-duality transformations. 
The procedure used in this context to construct variant forms of an already known su- 
pergravity, can be suitably extended to other cases. 
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Appendix 

In this appendix we discuss the consistency of the Majorana condition on spinors for 
various signatures and for the two definitions of the Dirac conjugate spinor ijj = ijj^G'^ 
G = {Gj, Gjj}. 

In D = 11 the only possible choice for the charge conjugation matrix is the antisymmetric 
one G^ = —C, so that: 

71 = -G^aG-' (6.1) 
On the other hand, the hermitian conjugate depends on the choice of G, since 

T"^ = r]G-^r^G (6.2) 

where the phase r] takes two different values according to the two definitions of G, namely 

rj, = {-iy~'- vii = i-ir (6.3) 

We can observe that in odd dimensions, the phases (|6.3|) coincide, so that we have only 
one way to define the hermitian conjugate of a 7 matrix. On the other hand, in odd 
dimensions, Gj and Gu differ only by a phase factor ||13|, depending on the signature of 
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the space-time. That means that if this factor is real, the reahty of a current evaluated 
with definitions / and // is the same in both cases; if the scalar factor is pure imaginary 
each current has opposite reality in the two cases, but this can be formally absorbed in 
the definition of 6 in equation ( |2.14|) . Thus, in odd dimension, is totally equivalent to use 
definition / or // for the Dirac conjugate spinor; since we have chosen for our calculations 
G = Gi we will consider this latter case and we impose the following Majorana condition 
on spinors: 

this must be consistent with the supersymmetry transformation rules of such spinors 

At this purpose, we can evaluate the transposition and the hermitian conjugation of the 
product of n Gamma-matrices in D = 11 using equations ( |6.1|) , ( |6.3| ): 

(7a....7a„r=(-irC(--)7a„...7a.C(_) 

ha, . ..la„V = {-ir^'-'^Gj'j.„ . ..Ja.Gj (6.6) 

If we want to satisfy the condition ( |6.5| ), the coefficients of the supersymmetry transfor- 
mation rule of -0 (|4.4CI| ),( ^.45| ) must obey a simple rule descending from equations ( |6.6|) : 
when t is even the product must appear in the transformation rule with a real coefficient; 
when t is odd, there must be a real coefficient if n is even and an imaginary one if n is 
odd. This is exactly what we found in Section 4. 

These considerations become more interesting in the D = 10 case. When real scalar 
fields are present they must appear, out of the vacuum configuration, as in equation ( [4. 611 ), 
that is 

V^a = d,a + z'^^,^''x (6.7) 

In order to have the scalar field a real, the coefficient of '?/'^7^^x must be chosen according 
to the reality properties of the current that are summarized in the last line of Table |^ 
According to our previous discussions, we could be tempted to conclude that in the 
IIA*{1,9) and 7/^4(0,10) series, the field a becomes pure imaginary and then it is a 
ghost. On the other hand we have to take into account the possibility that the spin | 
field X should be redefined as x — ^ ^X- The right choice can be made considering the 
structure of the supersymmetry transformation laws of and x ^-nd requiring that also 
Sijj and dx satisfy a Majorana condition (in the present case it very easy to see that the 
dilaton a could never become pure imaginary, because of its coupling e'^). 
In D = 10 we have chosen the same charge conjugation matrix as in D = 11, so we 
evaluate the transposition of the product of n matrices 7 as in D = 11; on the other 
hand, for hermitian conjugation, we must consider the two distinct definitions J, // for 
the Dirac conjugate spinor. Using equations ( |6.2| ), (|673|), we can evaluate the hermitian 
conjugate of the product of n Gamma-matrices in the two cases and compare them with 
the transposition: 

(7a....7aJ^=(-l)"C(-47a„...7a.C(_) 

/ : (7a. . . . lay = i-ir^'-'^Gj'^a,^ . . . 7a, 

// : (7a, . . . la J = {-irGjha. . . . ^a.Gjl (6.8) 
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Also in this case it is easy to find a simple rule for the reality of the coefficients in front of a 
term with n Gamma-matrices in the supersymmetry transformation laws of the fermions. 
Using G = Gj, if t is even the coefficient is always real; if t is odd, it is real if n is even, 
pure imaginary if n is odd. Using G = G//, if s is odd the coefficient is always real; if s 
is even, it is real if n is even, pure imaginary if n is odd. 

Taking into account the various definition of the matrix 7^^ it is possible to identify 
^^a priori" the reality of the coefficients appearing in the supersymmetry transformation 
laws of the fermions for the various cases, in order to have Majorana spinors. We see that 
we have Majorana spinors if in the IIA*{1,9) and IIA{0, 10) series we define x — ^ 
so that the dilaton never becomes a ghost. 
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